It is shown that the SU (2) Yang-Mills theory in 3-dimensional Riemann-Cartan space-time can be completely reformulated as a gravity-like theory in terms of gauge invariant variables. The resulting Yang-Mills induced equations are found, and it is demonstrated that they can be derived from a torsion-square type of action.
Introduction
Over the past thirty years quite a number of attempts to connect certain strong interactions phenomena to intricate space-time variables and/or objects have been suggested.
(a) Already in 1965, in an attempt to describe the hadron spectroscopy in terms of noncompact groups, i.e. algebras, Dothan, Gell-Mann and Ne'eman [1] conjectured that the ∆J = 2 Regge trajectory rule can be accomplished by making use of the SL(3, R) spectrum-generating algebra (SGA) of operators given as the time-derivatives of the gravitational quadrupoles. The SL(3, R) SGA was later combined with the Lorentz algebra yielding the SL(4, R) SGA [2] , thus describing in one shot both the single Regge trajectory recurrences and the corresponding 'daughter' states.
(b) The Veneziano dual amplitudes of the late sixties were subsequently rederived in terms of the Nambu-Gotto string. The string itself, or as an approximation for the gluon-field flux-tubes, opened a new era of space-time extended objects in Physics [3] . Moreover, the string indicates that the existence of a gravity-like component within the QCD gauge should be no surprise -the truncated massless sector of the open string reduces to a J = 1 Yang-Mills field theory, while the same truncation for the closed string reduces to a J = 2 gravitational field theory (since the closed string is the contraction of two open strings).
(c) The Bag Model came as another kind of extended object -it was proposed as a candidate for the dynamical approximation of confined color [4] . It is interesting to note that SL(3, R) is the invariance group of a volume, thus the states described by the corresponding excitation represent the pulsations and deformational vibrations of a fixed volume 'bag'.
(d) Salam and others [5] [6] [7] have used a gravitational framework to describe hadrons, assuming it to be genuinely extraneous to QCD -perhaps a true short range component of gravity. The 'strong gravity' interactions are mediated through an exchange of the additional 'strong metric', that was originally recognized as the f 2 meson (with J P = 2 + ). It has been shown recently that a strong gravity type of theory -Chromogravity -can be constructed, in the IR approximation, starting from QCD itself [8] [9] . In this case one finds a p −4 propagator for the chromometric (two-gluon) field, indicating confinement, as well as a Regge-like m 2 ∼ J spectrum.
(e) In the course of expressing the QCD theory entirely in terms of field strengths, Halpern [10] introduced gauge invariant field variables of a curved space-time. Recently, Lunev [11] considered to some extent the problem of expressing the SU (2) Yang-Mills theory in three dimensions in terms of the gauge-invariant variables arriving at a Rimannian type of geometry. Freedman et al. [12] , addressed the question of the Gauss law constraint in the Hamiltonian form of the SU (2) gauge theory and found a 3-dimensional spatial geometry with GL(3, R) structure that underlines the gauge-invariant configuration space of the theory.
The aim of this paper is to investigate systematically the possibility of expressing the SU (2) Yang-Mills theory in 3-dimensions solely in terms of SU (2) gauge-invariant spacetime field variables, i.e. to view it as a kind of Riemann-Cartan space-time geometry.
In order to find out the precise role and meaning of the SU (2) induced gauge-invariant space-time quantities, we find it crucial to embed the Yang-Mills theory into an extrinsic curved space-time. An efficient way to do this is to study a gauge theory based on the [T 3 s SO(1, 2)] ⊗ SU (2) group, i.e. to gauge simultaneously both the 3-dimensional Poincaré symmetry and the SU (2) symmetry.
Let us concentrate first on the SU (2) gauge itself. We will make us of the gauge potentials A a µ , gauge field strength
and its dual F 
where η ab is the SU (2) Cartan metric tensor, and det(F ⋆ ) = det(F ⋆aµ ). The starting Moreover, we denote the genuine gravity variables by small letters, whereas the Yang-Mills and/or new gravity-like Yang-Mills induced variables we denote by capital letters. The covariant derivatives generating a parallel transport of a tangent-space matter-field ψ are given as follows: 
where ξ µ , ω ij , and θ a are the group parameters corresponding to the translational T 3 , Lotentz SO(1, 2), and SU (2) groups respectively. The translational gauge invariance requires the action integration measure d 3 x to be replaced by
and where
) is the genuine space-time metric.
The Levi-Civita symbol ǫ µνρ is a tensor-density with respect to the general coordinate
Therefore, the SU (2) field strength dual tensor F ⋆a µ transforms as
and thus we can define the following world vectors
that play the role of Yang-Mills induced triads, i.e. they convert mutually the Yang-Mills and world indices. Now we can rewrite (1.1) as follows
The corresponding G µν general-coordinate transformation-rule is
and thus the G µν (x) tensor field represent the gauge-invariant Yang-Mills induced spacetime metric.
Following [11, 12] , we define the gauge-invariant Yang-Mills induced space-time connection as follows,
where 
Let us restrict now to the SU (2) gauge itself. From (2.2) one has δF
, and thus we find,
Multiplying (2.8) with E a σ and symmetrizing (σ ↔ ν) we have
The meaning of this relation is the compatibility of the Yang-Mills induced connection with the corresponding metric. In other words the space-time geometry defined by G µν and Γ ρ µν is of the Riemann-Cartan type.
Curvature and Torsion
In building up the space-time Yang-Mills induced geometrical structure we can introduce respectively the corresponding curvature and torsion tensors: 
while on the other hand we find
Equating this two expressions we arrive at R
, and finally we find the Yang-Mills induced Riemann tensor as follows
The Yang-Mills induced Ricci tensor reads
while the Yang-Mills induced scalar curvature takes the following form
The gauge algebraic structure of relevant quantities is illustrated by the following diagram: 
Variation of (4.1) with respect to A a µ yields the curved-space Yang-Mills field equations
, that can be put in the following form
These equations can be expressed solely in terms of the new space-time quantities. Sub-
, making use of the fact that (true gravity) Christoffel symbol is symmetric in lower indices, antisymmetraizing in (σ, µ), and multiplying by ǫ ραβ we find
G . Substituting this expression in (4.3), multiplying byF ⋆dα , and by expressing the torsion tensor in terms of the affine connections (cf. (3.1)), we arrive at
The ρ, µ indices contraction in (4.4) implies the following expression for the contracted torsion
Finally, from (4.4) and (4.5) we obtain
Thus, the Yang-Mills field equations can be expressed solely in terms of the new gaugeinvariant space-time quantities as given by (4.6) and the condition (4.5).
We point out that eq. (4.6) is of the kind found in a R+T 2 theory of gravity. Indeed, we will demonstrate below that (4.6) can be derived from an appropriate action expressed in terms of new spacetime variables only. At first glance it seems (in the absence of the matter field source on the right hand side) that eq. (4.6) yields vanishing torsion. However, its vector component is given by (4.5), while the other two irreducible components vanish. Thus, the Yang-Mills induced torsion is non-vanishing.
A trial Yang-Mills charged (or composite, 'color' neutral) particle experiences two metrics, the true gravity one g µν and the Yang-Mills induced one G µν , as seen from (4.2) rewritten as follows
where
The SU (2)-singlet gauge and 'lepton-like' particles experience g µν only.
5. Bianchi identities. The commutator of two most general covariant derivativesD i of (2.1) reads
The gauge algebra closure is achieved by requiring the Jacobi identity, i.e.
cycl(i, j, k) = 0, that yields the following Bianchi identities 
It is easy to check (due to contorsion antisymmetry) that ∂ µ ln( relation is required in the bimetric theory of gravity as an additional constraint relating two kinds of gravity [13] . In our case, (5.6) is a kinematical constraint.
6. The Action. The Yang-Mills field equations, rewritten in terms of new variables, as given by (4.6) mimic the form of the R + T 2 Poincaré gauge theory equations. We will show now that these equations can be obtained from the following action (e is the interaction constant)
The last term in (6.1) is of no importance in derivation of the new form of the YangMills equations (4.6). However this term allows us to transform (4.6) back to the original Yang-Mills form.
The variation of (6.1) with respect to A ab µ gives
The variation of (6.1) with respect to E a α yields
And finally, variation of (6.1) with respect to the Lagrange multipliers λ µτ implies δS δλ µτ = √ g(E First, we substitute (6.5) into (6.2) and (6.3) getting rid of the terms proportional to λ. Second, we substitute thus modified (6.2) into (6.3) arriving at an identity (0 = 0), and finally we are left with the modified (no λ terms) equation (6.2) that is identical to (4.4).
The main results of this paper can be schematically presented as follows:
2) ←→ (4.6) ⇐= − 1 e 2 dx √ gT 2 .
In other words, on one hand we start from a 3-dimensional SU ( 
